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a b s t r a c t
Let t = (t1, t2, . . . , tn) and c = (c1, c2, . . . , cn) be two n-tuples of nonnegative integers. An
all-4-kings n-partite tournament T (V1, V2, . . . Vn) is said to have a (t, c)-property if there
exists an n-partite tournament T1(W1,W2, . . . ,Wn) such that for each i ∈ {1, . . . , n}:
(1) Vi ⊆ Wi;
(2) exactly ti 4-kings of Vi are not 4-kings in T1;
(3) exactly ci 4-kings ofWi are not vertices of Vi.
We describe all pairs (t, c) such that there exists an n-partite tournament having (t, c)-
property.
© 2010 Elsevier B.V. All rights reserved.
Let D be a digraph with the vertex set V (D) and the edge set E(D). We say that a vertex u ∈ V (D) dominates a vertex
v ∈ V (D) if uv ∈ E(D) and denote it by u→ v. If V1 and V2 are subsets of V (D) and each vertex of V1 dominates each vertex
of V2 we write V1 → V2. In particular, if V1 = {u} we write u→ V2 instead of {u} → V2; likewise for V2 = {v}. The outset
O(u) (resp. inset I(u)) of a vertex u ∈ V (D) is defined as O(u) = {x ∈ V (D) | u→ x} (resp. I(u) = {x ∈ V (D) | x→ u}). The
outdegree d+(u) (resp. indegree d−(u)) of a vertex u is defined as d+(u) = |O(u)| (resp. d−(u) = |I(u)|). If all vertices of a set
A ⊂ V (D) have the same outset (resp. inset) we will denote the common outset (resp. inset) with O(A) (resp. I(A)). A vertex
u ∈ V (D) is a transmitter if I(u) = ∅ and O(u) 6= ∅, that is d−(u) = 0 and d+(u) > 0.
For u, v ∈ V (D), the distance d(u, v) is the length of the shortest oriented (u−v)-path and in the case there is no (u−v)-
path in D, then d(u, v) = ∞. By the definition d(u, u) = 0. Let V1, V2 be subsets of V (D) (possibly V1 = V2). If d(u, v) ≤ s
for each u ∈ V1 and each v ∈ V2, we write d(V1, V2) ≤ s.
For positive integer r , a vertex u of D is an r-king if d(u, v) ≤ r for each v ∈ V (D). The set of r-kings of D is denoted by
Kr(D) and |Kr(D)| = kr(D). A digraph D is called all-r-kings if Kr(D) = V (D).
An ordinary tournament on n vertices is an orientation of a complete graph Kn. A multipartite or n-partite (n ≥ 2)
tournament is an orientation of a complete n-partite graph. An n-partite tournament with parts V1, V2, . . . , Vn is denoted
by T (V1, V2, . . . , Vn). Obviously, for |V1| = · · · = |Vn| = 1, T is an ordinary tournament.
Basic results on 2-kings of ordinary tournaments and oriented graphs can be found in [12,9,13,14]. Gutin [2] and Petrovic
and Thomassen [11] proved that every n-partite (n ≥ 2) tournament with at most one transmitter contains a 4-king. For
other properties of 4-kings of multipartite tournaments see [3–8,10,15].
Considering the stability of 2-kings of ordinary tournaments under adjoining new vertices Brigland and Reid [1]
introduced the concept of toppling 2-kings. It was generalized for 4-kings in bipartite tournaments by Petrovic [10]. We
make a step ahead discussing the problem of toppling 4-kings in multipartite tournaments by introducing new 4-kings.
Lemma 1. For n ≥ 2, let T be an n-partite tournament with no transmitter. A vertex x is not a 4-king of T if and only if there
exists a 4-king y, y ∈ K4(T ), such that d(x, y) > 4.
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Proof. As the sufficiency is trivial, we prove the necessity. Let T (V1, V2, . . . , Vn) be an n-partite tournament (n ≥ 2) with
no transmitter. As can be seen in [2,11] T has a 4-king, that is K4(T ) 6= ∅. Let x not be a 4-king of T . Without loss of generality
we may take x ∈ V1. Denote by Ui the set of vertices of V (T ) at distance i from x, that is Ui = {y ∈ V (T ) : d(x, y) = i}. In
particular U∞ = {y ∈ V (T ) : d(x, y) = ∞}.
Case 1. U∞ 6= ∅. Then there is no edge u → v for every u ∈ x ∪ U1 ∪ · · ·Uk and every v ∈ U∞. It implies K4(T )
∩ (x ∪ U1 ∪ · · ·Uk) = ∅ and consequently K4(T ) ∩ U∞ 6= ∅. The proof follows.
Case 2. U∞ = ∅. Let k be the maximal integer such that Uk 6= ∅. Since x is not a 4-king, k ≥ 5. We claim that Uk ⊂ K4(T ).
Let y ∈ Uk.
(a) y ∈ V1. Since d(x, y) = k ≥ 5,O(x) ⊂ O(y). It implies d(y,Ui) ≤ d(x,Ui) = i for each i = 1, 2, . . . , k. In
particular d(y,Ui) ≤ 4 for i ≤ 4.
Let z ∈ Uj, 5 ≤ j ≤ k and let P = x→ z1 · · · → zj−1 → z be a shortest (x− z)-path. At least one of the vertices
zj−3 and zj−2 is not in V1. Since d(x, y) = k ≥ j, y→ zs for at least one s ∈ {j− 3, j− 2}. Hence, d(y, z) ≤ 4, that
is d(y, V (T ) \ {x}) ≤ 4.
To complete this case it remains to show that d(y, x) ≤ 4 holds. Let Q = x → y1 → · · · → yk−1 → y be a
shortest (x − y)-path. Then y2 6∈ V1 or y3 6∈ V1. Let it be yt , t ∈ {2, 3}. By minimality of Q , y→ yt and yt → x
implying d(y, x) = 2.
(b) y ∈ Vi, i 6= 1. From d(x, y) = k ≥ 5 it follows y→ x. Hence, d(y,Ui) ≤ d(x,Ui)+ 1 = i+ 1 ≤ 4 for i = 1, 2, 3.
If z ∈ Uj, 4 ≤ j ≤ k, then as in (a) d(y, z) ≤ 4.
So, d(y, V (T )) ≤ 4 and y ∈ K4(T ) completing the proof. 
A sort of ‘‘conservation law’’ holds for 4-kings of bipartite tournaments [10]. Let T ′ be a bipartite tournament obtained
from a bipartite tournament T by adjoining some new vertices, namely T ⊂ T ′. If it makes some 4-kings of T be toppled
(they are not 4-kings in T ′), then some new 4-kings are created in T ′. The next lemma shows that the same holds in general
for n-partite tournaments (n ≥ 2).
Lemma 2. Let T (V1, V2, . . . , Vn) be an n-partite tournament with no transmitter and let T1(W1,W2, . . . ,Wn) be an n-partite
tournament satisfying:
(a) Vi ⊆ Wi,∪ni=1Wi − ∪ni=1 Vi 6= ∅, i = 1, . . . , n;
(b) K4(T1) 6= ∅;
(c) K4(T1) ⊆ V (T ).
Then K4(T ) ⊆ K4(T1).
Proof. First assume T1 has a transmitter y. By (b), y is the unique 4-king in T1. Since T has no transmitter, y 6∈ V (T ),
contradicting (c).
Let T1 have no transmitter. Suppose there is a 4-king x of T , x ∈ K4(T ), that is not a 4-king of T1, x 6∈ K4(T1). By Lemma 1
there is a 4-king y of T1, y ∈ K4(T1), such that d1(x, y) > 4 (d1 denotes the distance in T1). Since x ∈ K4(T ), y 6∈ V (T ),
contradicting (c). 
Let T (V1, V2, . . . , Vn) be an all-4-kings n-partite tournament and let t = (t1, t2, . . . , tn) and c = (c1, c2, . . . , cn) be two
n-tuples of nonnegative integers. The tournament T is said to have a (t, c)-property if there exists an n-partite tournament
T1(W1,W2, . . . ,Wn) such that for each i ∈ {1, . . . , n}:
(1) Vi ⊆ Wi;
(2) exactly ti 4-kings of Vi are not 4-kings in T1;
(3) exactly ci 4-kings ofWi are not vertices of Vi.
By Lemma 2 there is no multipartite tournament with (t, 0)-property for t 6= 0 where 0 = (0, . . . , 0). As will be seen
these are the only exceptions.
Let D(A, B, C)(|X |, |Y1|, |Z1| ≥ 1) be the 3-partite tournament depicted in Fig. 1. It can be easily seen that D is an all-4-
kings 3-partite tournament, that is K4(D) = V (D). Furthermore D satisfies the following:
(D1) d(X, a) = d(X, b) = d(X, c) = 4;
(D2) d(Y1, b) = d(Z1, c) = 4;
(D3) X, Y1, Z1 ⊂ K ∗4 (D);
(D4) d(Y1, c) = d(Z1, b) = 3;
(D5) d(b, b) = d(c, c) = 4;
(D6) d(a, a) = d(X, X) = d(Y1, Y1) = d(Z1, Z1) = 3;
(D7) d(b, c) = 1, d(c, b) = 3.
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Fig. 1.
A 4-king u is genuine or proper if there is v ∈ V (T ) such that d(u, v) = 4. K ∗4 denotes the set of genuine kings. Notice
that the properties (D2)–(D7) also hold for the 3-partite subtournament D− X .
Let D(A1, A2, . . . , An−2, B, C), n ≥ 3, be the n-partite tournament with partitions Ai = Xi ∪ {ai}, i = 1, 2, . . . , n− 2, B =
Y1∪{y2, y3, b}, C = Z1∪{z2, z3, c}. The edge set is defined as follows. For each i ∈ {1, . . . , n−2} the 3-partite subtournament
induced by Ai, B and C is isomorphic to D(A, B, C). Other edges are oriented so that Ai → Aj whenever 1 ≤ i < j ≤ n− 2. It
can be easily seen that every vertex of D(A1, A2, . . . , An−2, B, C) is a 4-king.
Let T (V1, V2, . . . , Vn) be an n-partite tournament with (t, c)-property. Without loss of generality the partition sets and
coordinates of t and c can be rearranged in the following way. There are integers p, q, r, 0 ≤ p ≤ q ≤ r ≤ nwith
ti, ci > 0 for 1 ≤ i ≤ p
ti > 0, ci = 0 for p+ 1 ≤ i ≤ q
ti = 0, ci > 0 for q+ 1 ≤ i ≤ r
ti = ci = 0 for r + 1 ≤ i ≤ n.
In other words t and c look like
t = (t1, . . . , tp, tp+1, . . . , tq, 0, . . . , 0, 0, . . . , 0)
c = (c1, . . . , cp, 0, . . . , 0, cq+1, . . . , cr , 0, . . . , 0). (1)
The main result is the following.
Theorem 1. There exists a multipartite tournament with (t, c)-property if and only if c 6= 0 or t = c = 0.
Proof. Throughout the proof we assume that coordinates of t and c are arranged as in (1). For each non forbidden pair (t, c)
we construct an n-partite tournament having (t, c)-property.
To every t = (t1, t2, . . . , tn)we associate an n-partite tournament T (V1, V2, . . . , Vn−2, Vn−1, Vn) isomorphic to the above
defined D(A1, A2, . . . , An−2, B, C) such that: Vi ↔ Ai for 1 ≤ i ≤ n − 2, Vn−1 ↔ B, Vn ↔ C, |Xi| = ti for 1 ≤ i ≤ n − 2,
|Y1| = max{tn−1, 1}, |Z1| = max{tn, 1}. As was already noticed every vertex of T is a 4-king.
Likewise to every c = (c1, c2, . . . , cn) we associate an n-partite tournament T1(W1,W2, . . . ,Wn−2,Wn−1,Wn) such
that Wi = Vi ∪ Ui, 1 ≤ i ≤ n, where Vi ∩ Ui = ∅ and |Ui| = ci. The edges between Vi’s are oriented as those in
T (V1, V2, . . . , Vn−2, Vn−1, Vn). Orientations of other edges of T1 depend on c = (c1, c2, . . . , cn). In the sequel we use I1(v)
(resp. O1(v)) to denote inset (resp. outset) of a vertex v of T1.
Case 1. t = 0.
(a) c = 0. We just take Ui = ∅ for i = 1, . . . , n. In fact T1 = T . On the other hand the tournament T obviously has
(0, 0)-property.
(b) c 6= 0. Then ci > 0 and consequently Ui 6= ∅ for some i = 1, . . . , n. We put Xi = ∅ for i = 1, . . . , n − 2, Y1 = {y1}
and Z1 = {z1}. The rest of the edges of T1 are oriented as follows.
I1(Ui) = I1(ai) = W1 ∪ · · · ∪Wi−1 ∪ ({y3, b,Un−1}) ∪ ({z3, c,Un}) for i = 1, . . . , n− 2
I1(Un−1) = I1(b) = {z3}
I1(Un) = I1(c) = {y3, b} ∪ Un−1.
By (D1)–(D7) T1 is an all-4-kings multipartite tournament. So T has (0, c) property.
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Case 2. t 6= 0.
Then c 6= 0. By the arrangement (1) it follows t = (t1, t2, . . . , tq, 0, . . . , 0) where t1, t2, . . . , tq > 0 and q ≥ 1. By the
same reason c1 > 0 or cq+1 > 0, that is c1 + cq+1 > 0. Three subcases are characteristic.
Subcase 2.1. t = (t1, t2, . . . , tq, 0, . . . , 0), 1 ≤ q ≤ n− 2.
We take Xi = ∅ for q+ 1 ≤ i ≤ n− 2, Y1 = {y1}, Z1 = {z1}. Other edges of T1 are oriented as follows.
I1(Ui) = {b, c} ∪ U1 ∪ · · · ∪ Ui−1 ∪ Un−1 ∪ Un, for i = 1, . . . , n− 2
I1(Un−1) = {a1},
I1(Un) = {b, y3} ∪ Un−1.
Let d1 be the distance in T1. Since c1+cq+1 > 0,U1∪· · ·∪Un−2∪Un−1 6= ∅. By the definition of T1d1(Xk, {a1, b, c}∪Un) = 4
holds for each 1 ≤ k ≤ q. Since I1(Ui) = {b, c} ∪ U1 ∪ · · · ∪ Ui−1 ∪ Un−1 ∪ Un and I1(Un−1) = {a1}, d1(Xk,Ui) = 5 for each
1 ≤ i ≤ n− 1. Hence, no vertex of X1 ∪ · · · ∪ Xq is a 4-king in T1.
We claim that every v ∈ V (T1)− X1 ∪ · · · ∪ Xq is a 4-king in T1.
(a) v ∈ {a1, . . . , an−2}. It is easily seen that d1(a1, V (T1)) ≤ 2 and d1(ai, V (T1)) ≤ 4 for every 2 ≤ i ≤ n − 2. So,
{a1, . . . , an−2} ⊂ K4(T1).
(b) v ∈ B∪C . Assume v ∈ B. Since T1[Ai∪B∪C] is an all-4-kings 3-partite tournament for every 1 ≤ i ≤ n−2, d1(v, A1∪
· · · ∪ An−2 ∪ B ∪ C) ≤ 4. In view of d1(y1, y3) = 2, d1(y1, a1) = d1(y1, c) = 3 and y3, a1, c ∈ I(U1 ∪ · · · ∪ Un) it implies
d1(y1,U1∪· · ·∪Un) ≤ 4. In a similar way one can show that the same holds for y2, y3, b. Therefore, d1(v,U1∪· · ·∪Un) ≤ 4
for every v ∈ B implying B ⊂ K4(T1). For v ∈ C the proof is similar.
(c) v ∈ U1 ∪ · · · ∪ Un−2. Let v ∈ Ui, 1 ≤ i ≤ n − 2. In view of Ui → y3 → Aj, 1 ≤ j ≤ n − 2, we have
d1(v, A1 ∪ · · ·∪An−2) = 2. Let 1 ≤ i < j ≤ n−2. Then Ui → Uj. From Uj → z3 → b→ Ui ∪Uj it follows d1(Uj,Ui) ≤ 3 and
d1(Uj,Uj) ≤ 3. So, d1(v,U1 ∪ · · ·∪Un−2) ≤ 3. Further, from OB∪C (ai) ⊂ OB∪C (Ui) it follows d1(v, B∪C) ≤ d1(ai, B∪C) ≤ 4.
Finally, from Ui → z3 → a1 → Un−1 and Ui → y3 → Un we get d1(v,Un−1) = 4 and d1(v,Un) = 2. Hence, v ∈ K4(T1) and
consequently U1 ∪ · · · ∪ Un−2 ⊂ K4(T1).
(d) v ∈ Un−1. Since Un−1 → Wn and each vertex of V (T1) − Wn − Un−1 is dominated by at least one vertex of Wn,
d1(v, V (T1) − Un−1) = 2. In view of Un−1 → c → a1 → Un−1 we have d1(v,Un−1) = 3. Hence, v ∈ K4(T1) and
Un−1 ⊂ K4(T1).
(e) v ∈ Un. Like in (d) we show that Un ⊂ K4(T1).
Subcase 2.2. t = (t1, t2, . . . , tn−1, 0). We take Z1 = {z1} and orient the other edges of T1 as follows.
I1(Ui) = {b} ∪ U1 ∪ · · · ∪ Ui−1 ∪ Un−1, for i = 1, . . . , n− 2,
I1(Un−1) = {z3},
I1(Un) = {b} ∪ Un−1.
As in Case 2 we check that d1(Xi,U1 ∪ Un) = 5 holds for each 1 ≤ i ≤ n − 2 implying that no vertex of X1, . . . , Xn−2
is a 4-king in T1. Furthermore, from I1(U1) = I1(Un) = Un−1 ∪ {b}, I1(b) = I1(Un−1) = {z3} and d1(Y1, z3) = 3 it follows
d1(Y1,U1 ∪ Un) = 5, that is, no vertex of Y1 is a 4-king.
On the other hand every v ∈ V (T1)− X1 ∪ · · · ∪ Xn−1 ∪ U1 is a 4-king in T1. So T has ((t1, t2, . . . , tn−1, 0), (c1, . . . , cn))-
property.
Subcase 2.3. t = (t1, t2, . . . , tn). According to (1), c1 > 0. There are two characteristic subcases.
(a) c = (1, 0, . . . , 0). First assume n ≥ 3, n 6= 4. Let Gn be an all-2-kings ordinary tournament (see [9]) with
V (Gn) = {v1, . . . , vn}. Set T (V1, . . . , Vn) to be the n-partite tournament such that |Vi| = ti and Vi → Vj if and only if vi → vj
in Gn. It is easily seen that every vertex of T is a 4-king, that is, K4(T ) = V (T ). Let T1 be the n-partite tournament obtained
from T by adding a transmitter u in the partition set V1. Since u is the only 4-king of T1, T has ((t1, t2, . . . , tn), (1, 0, . . . , 0))-
property.
Assume n = 4. Let T (V1, V2, V3, V4) be the 4-partite tournament with partite sets Vi, i = 1, 2, 3, 4, such that |Vi| = ti
and V1 → V2 → V3 → V4 → V1. (Non specified edges are oriented arbitrarily.) Obviously T is an all-4-kings 4-partite
tournament. Adding a transmitter u in V1 we obtain the n-partite tournament T1 with K4(T1) = {u}. It shows that T has
((t1, t2, t3, t4), (1, 0, 0, 0))-property.
(b) c 6= (1, 0, . . . , 0). If c1 = 1, set U1 = {u}. If c1 ≥ 2, set U1 = {u} ∪ U ′1, where |U ′1| = c1 − 1. In both cases|U ′1 ∪ · · · ∪ Un−1| = c1 − 1+ c2 + · · · + cn−1 > 0. In other words, U ′1 ∪ · · · ∪ Un−1 6= ∅. Let
I1(u) = {b} ∪ Un−1
I1(U ′1) = {c} ∪ Un
I1(Ui) = U1 ∪ · · · ∪ Ui−1 ∪ {c} ∪ Un for i = 2, . . . , n− 2
I1(Un−1) = {c}
I1(Un) = {b} ∪ Un−1.
It is easily seen that for 1 ≤ i ≤ n− 2, d1(Xi, {b} ∪Un−1) = d1(Y1, {b} ∪Un−1) = 4. Since I1(u) = {b} ∪Un−1, d1(Xi, u) =
d1(Y1, b) = 5. Hence no vertex of X1 ∪ · · · ∪ Xn−2 ∪ Y1 is a 4-king in T1. The same holds for vertices of Z1. Indeed,
d1(Z1, {u} ∪ {c} ∪ Un) = 4 and I1(U ′1 ∪ · · · ∪ Un−1) = {u} ∪ {c} ∪ Un imply d1(Z1,U ′1 ∪ · · · ∪ Un−1) = 5.
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Arguing as in Case 3 one can check that K4(T1) = V (T1) \ X1 ∪ · · · ∪ Y1 ∪ Z1. By the definition T has ((t1, t2, . . . , tn),
(c1, . . . , cn))-property.
This completes the proof. 
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